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and three-layer composites with imperfect and perfect interfaces are calculated using the

finite element method and an analytical technique based on the two-scale asymptotic ho-
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mogenization method, respectively. In the analyses, it was used a two-layer model with
imperfect interface conditions and a three-layer model with perfect conditions to derive
analytical expressions of the interlayer properties, which are equivalent to the effect of
the imperfection (e.g., debonding). Our numerical results demonstrate that the three-layer

Non-uniform imperfection model provides an excellent approximation of the two-layer one and it illustrates how the

effective properties of the layered composites made from titanium Ti6Al4V and ceramic
AD-96 are affected by non-uniform imperfect adhesion.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Adhesively bonded joints are used in a wide range of applications in the automotive, aeronautical, and other industries.
The requirements for the design of lightweight structures and the increased use of lightweight materials in industrial fields
have led to the widespread use of adhesive joints in recent years. Applications of adhesive joints include bonding metallic
and composite body panels for automotive and aeronautical structures where light weight and high fatigue strength are
prime requirements. Many theoretical and experimental studies have investigated the static and dynamic behaviors of
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adhesive joints [1-7]. In fact, the increasing use of composite laminates has stimulated advances in the analysis and design
of this type of material. For example, rigid (perfect) bonding to ensure the continuity of all the field variables (stress
and displacement components) has been considered in analytical and numerical studies of layered composite materials.
However, from a more rigorous practical viewpoint, the existence of a perfect interfacial bond in a real layered composite
seems almost impossible [8].

Several studies [9-13] have shown that epoxy-based adhesives form a so-called interphase in adhesive joints, and thus
the term interphase to refer to an interlayer was used in the present work. Various studies [14-20] have described the
influence of the interlayer in a phenomenological manner as a qualitative change in the mechanical and/or thermomechan-
ical properties. For example, Geiss and Schumann studied an epoxy adhesive and proposed a method for predicting the
local mechanical properties of polymer interlayers in structural adhesive joints [21]. As expected, the effective coefficients
depend on the microstructures and properties of the layers, but also the interfacial bonding conditions. Thus, some studies
have also simulated the mechanical behavior of layered composites with delamination. Theoretical studies of multilayered
plates with imperfect interfaces have been reviewed extensively [22]. Massabo and Campi [23] proposed an extension of
these theories to account for mixed-mode interfaces, as suggested by Librescu and Schmidt [24], and for affine (linear
non-proportional) interfacial traction laws. Based on these extended theories, a homogenized approach was proposed for
application to structures with generally nonlinear cohesive interfaces, where the cohesive traction laws can be approxi-
mated as piecewise linear functions of the relative displacements at the interfaces [25,26]. In addition, Takahashi et al.
[27] suggested an optimum material selection and interlayer thickness for perfect ceramic-metal joint structures. However,
all of these previous studies evaluated the mechanical behavior (displacements, and strain and stress fields) of layered
composites or bonded joints by considering the presence or absence of defects, whereas they did not focus on the effective
properties of interface effects (e.g., delamination) at the macro-scale level.

Moreover, many studies calculated the effective properties by considering the interface effect at the micro-scale level
[28-32], i.e., the influence of the interface between the fiber and matrix on the effective properties of a composite material.
This effect can be illustrated using new material interface models proposed in various studies [33-39]. Another type of
approach for modeling the interface was also suggested by Mal and Bose [40] and it was investigated in subsequent studies
[41-51]. Thus, many studies have focused on the micro-scale level where various different approaches [52-65]| have been
proposed for analyzing perfect and imperfect adhesion with a uniform interface between the fiber and matrix. In particular,
a mathematical framework was developed to predict the mechanical behavior of regularly inhomogeneous media under
the assumption of an ordered microstructure in these media with perfect interfacial bonding [53-56]. Cherednichenko
and Evans [57] proposed a two-scale asymptotic expansion and higher-order constitutive laws for the homogenization
of a system of quasi-static Maxwell equations by considering a perfect contact interface. The interface between the fiber
and matrix has also been modeled using a uniform spring damaged parameter [58-62]. Other studies considered model
composites with inclusions surrounded by an interphase zone, where the properties were treated as graded in the radial
direction [63-65]. Thus, many studies have determined the effective properties by regarding defects at the micro-scale level,
i.e.,, between the fiber and matrix.

Based on the previous studies mentioned above, in the present study, it was investigated the effective elastic properties
of layered composites (at the macro-scale level) by considering the influence of non-uniform imperfect adhesion and by
using interface models between the layers. These models are first verified at the micro-scale level [58], i.e., by considering
defects between the fiber and polymer matrix. In practical terms, the influence of non-uniform imperfection on the
effective properties of layered composites is evaluated when delamination is present between the adjacent layers. In fact,
a laminated composite with perfect contact between the layers and a periodic distribution between them was investigated
by Brito-Santana et al. [66]. Thus, the present investigation is an extension of previous research [58,66]. It is important to
note that the key feature of the present investigation compared with previous studies [22-66] is that it was considered
the effect of delamination by using asymptotic expansion in the analytical approach. In particular, we develop the two
scale asymptotic homogenization method (AHM) was developed for composites under an imperfect interface model by
introducing the shear lag (or spring layer) model. Thus, the proposed model is different because it was assumed that a
spring layer of distributed along the interface as a piecewise discontinuous function between the layers with delaminations.
Moreover, it was stated the problem for a two-layer model with non-uniform imperfect adhesion (spring type) conditions
and a three-layer composite material with perfect conditions between the layers based on the range of the two scale AHM.
The associated local problems are derived, and thus the local functions are solved directly. In addition, using the two-layer
model with imperfect interface conditions and the three-layer model with perfect conditions, analytical expressions for
the interlayer properties were derived in the so-called interface model, and it was shown that the interlayer properties are
related to the constituent properties and geometry. Finally, a composite structure with layers made from titanium Ti6Al4V
[67] and ceramic AD-96 [68] was investigated by using perfect and imperfect interface models with different approaches. A
representative volume element (RVE) is analyzed by using the finite element method (FEM) package Abaqus™ to calculate
the effective properties. In addition, two-scale AHM is employed to provide the analytical expression of the effective
properties for the periodic layered composite. A very important motivation for the present study is employing analytical
and numerical approaches as design tools to aid the development of composite structures by considering the interface
damage between the layers. In particular, it was considered non-uniform imperfect adhesion in layered composites, which
should be evaluated during certification processes for automotive, aeronautical, and other structures (e.g., wind turbines).
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Fig. 2. Two-dimensional unit cell with non-uniform imperfect adhesion. >N , 6, = 1.

2. Formulation of the problem
2.1. Geometrical description

It was considered a periodically laminated composite similar to the structure defined by Brito-Santana et al. [66] but
with non-uniform imperfect contact, which occupies a bounded region ¢ in R3 space with Lipschitz boundary
0Q° = 016 U 0,Q¢ such that 9;Q2N3,Q°f =¢, where 9;Q2° and 0,Q° are boundary portions. It is assumed that the
region Q¢ comprises periodic repetitions of the unit cell Y in the parallelepiped form with dimensions ey;(i=1, 2, 3), where
¢ is the ratio of the unit cell size (i.e., period of the structure) related to a typical length in the region. The AHM is presented
for a periodically layered composite by considering non-uniform imperfect adhesion. Fig. 1 shows the three-dimensional
layered composite, where I'¢ is the interface separating the composite layers, which depends on the slow variable x, and
I' is the interface in the unit cell, which depends on the fast variable y. The medium is assumed to be layered in the x;
direction, where all of the material parameters are independent of x, and x3. Fig. 2 shows the two-dimensional unit cell
with non-uniform interface adhesion, where 6,l, is the length of the r-partition with degree of imperfection 6, “r=1,..., N”
for the interface, and N is the number of partitions of the interface.

2.2. Statement of the problem

The problem is formulated in the bounded subset Q¢ of R3, where Y = {y = (y1.y2.y3) e R3: 0 <y; < l;,i=1,2,3}
denotes the reference cell and [ are positive numbers. It is important to note that Qf=¢Y=
(= (x1,%2.%3) eR3: g7 1x; € Y,i=1,2,3}, where y=x/e.

A general field variable f? now depends on both the macro- and micro-scale, f7 (%) = f;(x.y), and the partial derivatives
take the form:

i _0f 10k

an - 8Xj 8_)/]

(1)
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Assuming that the body forces are equal to zero, then the elastic equilibrium equation is given by

i =0in Qf, 2
an =0in ( )
inY o nj=0inY;
ij 1 ” J| e 1 N
? Nogleni = on e =Jrt
i in Yy ||aj|r}nj=0inYN
11{1] in Y]
Kij = s rK,'jZ O,i;ﬁj;rz 1,2,...,N, (3)
nKij in Yy
Ju?
I
o) = ijkt(y)afx;v (4)

where a*j ue are the components of the stress tensor and displacement vector,| || denotes the jump across the interface,

L el = (o)D)= (o)(y) for y € T, rK;j(GPajmm) > O denotes the interface stiffness properties for the r—interface-
partition I'; (where rKij — oo corresponds to a perfect interface), Gy = Ukl for 0 < y; < vl and Gy = ukl for yl; <
y1 < by (y is the volume fraction of layer 1 and [; is the length of the unit cell in the x; direction), and n; is the unit
vector in the outward normal direction. The symbol Y; (defined in (21)) represents the r-partition of the unit cell Y. In the
following, the Latin indices take values of 1, 2 and 3. It is important to note that the proposed formulation focuses on linear
interfaces represented by Eq. (3), and the K terms linking the tractions and the displacement jumps. However, it is possible
to expand the concept to the more general case of nonlinear interfaces (e.g., cohesive interfaces) and to replace them using
a nonlinear interphase layer with compatible interfaces. Thus, this approach may be a simpler or more accessible alternative
for modeling non-uniform and degrading interface problems.

3. Homogenization

In this section, analytical and numerical homogenization procedures were based on the two-scale AHM and FEM,
respectively. AHM is employed to homogenize system (2)-(4) and to derive the effective properties for layered composites
by considering non-uniform imperfect adhesion. In addition, by combining the effective coefficients for the two-layer model
with coefficients derived for the three-layer model, analytical expressions for the elastic interlayer are obtained, i.e., the
so-called interface model, which are used for computing the interface properties of the three-layer model by FEM.

3.1. Two scale AHM: two-layer elastic composite with an imperfect interface (spring type)

The heterogeneous medium with a microstructure at two length scales, i.e.,, macroscopic “L” and microscopic “I” such
that L > [, can be simulated by a homogeneous model with certain homogenized (so-called effective) properties. It is well
known that under the assumptions of periodicity and the strict separation of scales, ie., in the regime where I/L— 0 is
a suitable approximation, the behavior of composites is fully determined by the solution of the so-called “cell problems”
based on the period of the composite [57]. Scale effects can be analyzed systematically using the higher order AHM [59].
The theoretical foundations of AHM have been developed rigorously in previous studies [53-56].

The mechanical behavior of an imperfect interface is modeled via a layer of mechanical springs of zero thickness. The
spring constants K, =Kjy, K=Ky, =K33 =Ks are normal and tangential interface stiffness properties. The infinite values of
the parameters imply vanishing of the displacement jumps, and thus perfect interface conditions. At the other extremity,
the zero values of the parameters imply vanishing of the interface tractions, and thus debonding. Any finite positive values
for the interface parameters define an imperfect interface [61].

The displacements (uf (%)) is expressed in the form of the following two-scale asymptotic expansion [54-56]

@ =u"@+e-uV @y +e’ uP @y +--. (5)
By substituting (5) into (4), it is possible to obtain
of@ =0 @y +e oV @y +e2 0P @y +-, (6)

where

(m) (m+1)

au
0" (%.3) = G ) 5= + G @) —5o—m=0.1.2.-.. (7)
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By substituting Eqs. (5) and (6) into (2), and rearranging the terms of the equal exponent ¢, for ¢ ~! and &9, it is obtained
the following equations

901" 0 (8)
8yj -
(0) (1)
80,.]. Bol.j o ©)
BX]' 8y1
Using Eq. (7) for m=0 and Eq. (8), then
aull 3G du
9 Gju—2— | = UM . (10)
9y; ay, 0y; Bx,
where the solution is represented in the form of
u® (x)
u® (x.y) = N2 (y) ’ (11)

and thus it was obtained the following local problems for determining the I;-periodic auxiliary functions Nizj/,?HM (¥), and the
notation 2AHM is associated with the two-layer spring problem

9 aNZAHM
8}/'<Ci]kl ay +CUPIJ) = OinY, (12)
j
with interface conditions
N %AHM IZAHM
P 2AHM kpg ” S
<C”k'8y, +Cl]pq>n] ||ijq }, Ijlew +C1]pq n]—OOI'lF, (13)
where the auxiliary functions NIZQHM (y) are piecewise linear functions in each unit cell portion Y; and they are defined as
2AHM ;
Nkpq inY;
NipaM = 1 , (14)
NZAHM in YN

kpq
with the r-interface-partition local functions rNizj’,?”M (r=1, ., N).
The existence of the local functions N2AHM is guaranteed up to an additive constant (c¢f. Lemma 1 in [56]). To ensure the

uniqueness, it is taken N,pr;[M such that (NZAHM)Y = 0. The cell average operator (s)y is defined as (e)y = ﬁ fy edY, where

kpq
|Y] is the unit cell volume.
From Eq. (7), for m=0 and considering (11), it is obtained

2AHM (0)
010 = (g + G s ) P (15)
1] Jpq J 8}’1 3Xq
The macroscopic equilibrium equation is obtained by averaging Eq. (9), and thus
8<0i(.0)>
j Iy
—J ¥ _9 16
an ’ ( )
where
au<°>
(0> _ o »
o) = w1 / a¥ = Gy (17)
with
HN2AHM
" hkl
G = <Cijkl + Gijns By. >y. (18)

Proposition. Expression (18) for the effective moduli Ci*jk, can be written as

9, N2AHM
z}kl - ZGT ijkl +Cuh187y] 5
Y,

r=1

where 6, denotes the degree of imperfection for the r-partition.
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Proof. Considering (18) and (14), it is possible to have
2AHM

aNZAHM 1 I I 3N
Ct = (G +Ci; hkl :7/ / Ciitg + Ciipe—2%__ ) dy . dy,,
ijkl <sz<1 ijhs ™ a., 3_}’ y lllz ijkl ijhs ays y1dy2
2AHM

ho ot 9N 9, NG™
Cl]kl 1112 / / < ijkl +C1]hs 8 " > dJ’1dJ’2 Z / < ijkl +C1]hsays) d_V1,

and finally, it is p0551b1e to obtain

. 0 9, N2AHM N 9, N2AHM
C]Jkl Z - / zjkl + Cz]hs hid dyl = Zer Cijkl + Cijh] hid . g
9ys r=1 91 Y,
From (12), (13) and using (14), we obtain the following local problems for each r-interface-partition:
9 aer%AHM
| Giu—=— +Gijpg | =0in Y, 19
8y,- ( ijkl 8}’1 + ijpq mn Y ( )
with the interface conditions
a9, NZAHM 9, NZAHM
<Cijkla;l JFCiqu)nj = rKij ” szg‘qH ”, ‘ CUMT;I +Ciqu nj =0 on Fr. (20)
where
r—1
y= (y] Yo, y3)eR 0<y,<l,,l—1 3 and 1229 <y2<12291,90— (21)
i=0 i=1

and I'; is the interface of the unit cell portion Y.
The medium is assumed to be layered in the x; direction, so the elastic moduli Cy, only depend on y; =x;/e, and Eq.
(19) takes the form

d derzAHM .
E (Cj‘lk] Tplq + Cf]pq =0inY,, (22)
with the interface conditions
derzAHM d, N2AHM
(Cnmd;p]q +Ci1pq)n1 = Kim | N2AEM||. | Cites —-22— + Citpg |[n1 = 0 on T, (23)
where integration gives
rN’%AHM
Gtk diyp] + Cllpq rAuﬁIHM, (24)
or
d, N2AHM
k - _
Tp]q (Ceri) ™ AT — (Cyin) ™' G- (25)

where (Cpy1)~! are the components of the inverse to the tensor of the second rank € =i, € ®e, and rA,?&HM is

independent of variable y;.
By averaging Eq. (25), it is possible to obtain

d, N2AHM 1 Ph-h d,NZAHM L d,N2AHM
) = im0y [y ) = —{(Gan) ™ Gy (G ), AT
< dy >Yr b hh?oo< 0 dy . yhh  dy1 N <( wit) llpq)Yf <( fain)” ) e

- im (NEA oy — ) — NES 1+ ) + 1 N ) — 1 N2 (0)

I h kpq kpgq kpq
h»
~((Cain) ™" Giapg)y, +{Cai) "), rAT™. (26)
By considering the periodicity of erf;‘qHM and the definition of |||, Eq. (26) can be rewritten as
1 _ _
E||rN,%;‘q”M|| = —((Cait) "' Gitpg)y, + (Cai) ")y, Ara™. (27)
Evaluating Eq. (24) on the interface I'r and combining with condition (23),, it is possible to have
N =~k ™ 28)
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where (- (ij)*l are the components of the tensor inverse to the tensor K =, Kije; ®e;j.
By substituting (28) into (27), it is obtained

PAZRM = ((Cilml)7])£1<(cmlsl )~ Cslpq)yry
where
- - e
((C“ml)_]>yr1 N |:)/ (Ci(llrzn) = a- y)(Cl.(lzrf“) Tt (rlln;)il ,

and

((lesl)71 CSlW)Y, =Y (C1§111)sl> 71Cs(1111q + (1 - )/) (Cr(nzl)sl) ! Cs(lzzrq'

The solution to Eq. (24) can be written as

2AHM _ p2AHM _ | p2AHM
™Tkpg T TTkpq “kpq |’

where
V1
1 -1
Bopg™ = /0 ((Cait) AT — (Cain) ™' Giapg) dé.
The expression of the local functions erfg;'M is

2AHM 2AHM
2AHM _ {rBIqaq(l)yl - (erpq )’ O<yi<vh

" kpq rBig,?(lg[) v -vh)+ rBﬁQ;’;’[) - (rBfQ?M), yh<yi<h’
with
-1 -1 _
Binaty = (Gan) A ™ = (Gah) Giipgr S = 120 rBipets) = VLB + (-Ki) ™' vA
! k)T
2A 1\~ 2) \~ i 1) y-1,(1)
AT _ [y(qm) LAy } [y (€)', + (= )
and
2 2AHM 2 2AHM
y<h:B, (1-y)"hB
2AHM\ __ kpq(1) kpq(2) 2AHM
(erpq ) - 2 + 2 +(1 - V)erqu)'

The detailed expressions of the non-zero local functions rN%\;‘M for isotropic constituents are

NZAHM _ {’Bm% yi=(BifM). 0<yr <yl
.

mo = 2AHM 2AHM 2AHM )
Bl 01 —vh) +BiG) - <er ) vyh <y <k
where
o AT 2AHM oapm | rAIRM
rBii1(s) = o 1,s=1,2, :Biyi3) = vheBin) + o
1 ri\n
1) ~(2)
; %{\lHM _ CnncnnlHKn
(1) (2) 1) ~2)
[(1 = ¥)Cn + VC1111]I1 Ko + G Gin
and
2 2AHM 2 2AHM
Y l”Blll 1 (1- )/) l]rB”] 2
(BiH™) = P+ D+ (1-y) B,
2 2
2AHM 2AHM
rN]zg‘z“M — rN12§\3HM _ {era)Yl - <rB1zz > O<yi<vyh
- - 2AHM 2AHM 2AHM ,
rB]22(2) - )/l]) + rB122(3) - <rB122 ), Y L <y1 <k
with
A2AHM _ (8) A2AHM
B2AHM _ 7122 122 o _ 1 o RB2AHM _ yl B2AHM 725
2122(s) C(s) ’ » 45 1P122(3) 1rP122(1) rKn s

11
1) ~2) 2) ~()
AZAHM _ [(1 = V)G Giap + chncmz]lHKn

122 6 (2) 1) ~2) "’
[(1 = ¥)Cin + Vclm]ll Ko + G Gy

189

(32)
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and
2 2AHM 2 2AHM
y l]rB]ZZ (] - )/) ler
2AHM 1) 122(2) 2AHM
<rB122 > = 5 + 5 + (1= ¥Y)Bi3)-
2AHM 2AHM 2AHM
rNot ™ = Nogi " = rNig3
2AHM 2AHM
— N2 _ {rBzu(Uy] - (fBzu ) 0<yi<yh (35)
2AHM 2AHM 2AHM N
TBz]z(z) 1 - J/l1) + TBZ12(3) - (r3212 )a 14 L < V1 < h
where
2AHM 2AHM
BZAHM _ rAZ]Z -1 -1.2 BZAHM -yl BZAHM rA212
rBo12(s) = » §=12,/byp3E) = YVirbaza) + ,
2 ( ke
(1) ~(2)
rA%,lL\ZHM _ ClzlzclzlzlHKf
1 2 1 ~2)
[(1 —¥)Ci, + Vcl(ziz]lHKf +ChLCol
and

2 2AHM
Vzl]rB%{I\ZHI;/[ (1 - )/) lerZ]z 2
(+B3™) = 5 M 4 5 @ (1 —y) B

The non-zero local functions erj’,jHM are calculated for isotropic constituents and by using Eq. (18), the effective moduli
can be written as

M 1\ oam M 1 \7"/Cu
ci = 2o, - cEm=amt =20 { ) (o).
1 ; NGt ly, 7 122 1133 ; \Cunly, \Cin Iy,
N -1 2 2
1 C C
cﬁé‘?M=c;§§‘§‘M=Ze,<<qm>y,+<) () (Gt )
— Cun Iy, \Cun Iy, Cimn "

N ~1 2 2

1 C (Ci22)
c2tM _ N (e n < > < 1122> _ ’
2233 ; r| (Cnazly, Gt ly, \Cun ly, Cim Y

N -1
1 1
CR™ = C3™ = Y6 ) LGB = S [Ca™ - G, (36)
1 111 ly,
where
< 1 >_1_ C1(1]1>1C1(f1)111f1<"
Gy~ [ =) + €l Jneka + R

5

M) (2 \? @) (1) \?
<C1122> _ (1 -y s, +ycd e, < (C1122)2> _ (1 =y)Cypy (Cuzz) + v G (Cuzz)
Y, Y,

1) ~(2) 1) ~@2)
Gim Cin G Grm Cin G

1 >7] ClaraCiaphirke M @
<C.12.12 Y, [(-l _ y)Cl(giz + )/Cgiz]h r[([ + C;;izc-fg‘;z < 1j )Yr ijkl ijkl

It should be noted that the effective coefficient Cy,,, is a function of the tangential interface parameter K, whereas the
other coefficients depend on the normal interface parameter K.

3.2. Two scale AHM: three-layer elastic composite with a perfect interface

Three-layer composites comprise an interlayer between two layers. The superscripts are assumed to be 1, I and 2 for the
layer 1 interlayer (mesophase) and layer 2, respectively. The notation of 3AHM is associated with the three-layer problem.

Again, it was assumed that the medium is layered along x;. The equation for the r-interface-partition local problem for
the three-phase elastic composite with perfect adhesion is

d ( N
i1kl

— __kpq ; —0i
&1 @, +C,1pq> =0inY, (37)

under interface conditions

drNIEAHM

| -NZAM|| = o, Cﬂleplq +Gipg||n1 =0 on Iy (38)

kpq
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The solution to problem (37) and (38) is obtained using the same method applied to the two-layer problem (22) and (23).
The expression for the local functions rN,fl‘;\;[M is

BIA y, (BIAIM) 0 <y <y,

kpq
3AHM 3AHM 1 1 3AHM 3AHM 1 1 1
Nipg = erpq(Z) (y1 -Vl )ll) + v )I”kaqﬂ) - (erpq > vl <y < (V( J+ v ))11 . (39)
3AHM _ (1) ) (0)] 3AHM (1) 3AHM _ 3AHM (1) 0
. [y1 (v +V )ll] + V1 B 4+ v BIAR (erpq ) (v +v )11 <y <h

with

3AHM _ (~() )1 43AHM O a0) _ 3AHM _ -1\-1 -1
erPq(S)_(Cklml) Anpg _(Cklml) lepq’s_1’2’3’ rAmpg —((leil) > <(C“il) Cﬂﬂq>’
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1)y, (D 1y () 3AHM (), (2) 3AHM
+(v v 4 vy )11 Bt + VOV BN

and vV, vD, v(2) are the layer 1, interlayer, and layer 2 volume fractions, respectively.
The detailed expressions for the non-zero local functions rNIfI’}’;"M for isotropic constituents are

By — (;BIM), 0 <y <vD
N = B (1 w0 vl B — B, VO <y, < (0400 - )
3AHM 1 I 1], R3AHM 1 3AHM 3AHM 1 I
rB1113) [y1 = (v +vO)n] + VO BING) + vl B — (rBIAIM), - (v VD) <yy <y
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Table 1
Material properties of layer 1 (Titanium Ti6Al4V [67]) and layer 2 (Ceramic AD-
96 [68]).
E [GPa] %
Titanium Ti6A14V 110.3 0.30
Ceramic AD-96 303.0 0.21

Table 2
Effective coefficients for different values of the interface parameters K, and K; with volume fraction of layer 2 equal 0.5 and interlayer thickness
th=10-3mm.

Models Kn=K; Ch C, (e (e Ces
(a) FEM 10-3 0.001000 0.000358 52.160375 219.381185 0.001000
10 9.547914 3.413901 53.380907 220.601723 8.630479
103 174.330122 62.332545 74.447787 241.669143 59.277656
1012 211137193 75.493084 79.190981 246.495981 63.012861
(b) 3AHM 10-3 0.001000 0.000358 52.159220 219.380869 0.001000
10 9.547786 3.413802 53.379696 220.601351 8.630354
103 174.327578 62.330664 74.445609 241.667806 59.276474
1012 211.134069 75.490791 79.188582 246.494431 63.011578
(c) 2AHM 10-3 0.001000 0.000358 52.197048 219.502896 0.001000
10 9.547786 3.413802 53.417522 220.723370 8.630354
103 174.327578 62.330664 74.483191 241789039 59.276474
1012 211.134069 75.490791 79.188582 246.494431 63.011578
Difference Kn=K: ACy ACy, AG, AG, ACE
Ay = [@=@1x100% 10-3 0.000000 0.000000 0.070308 0.055479 0.000000
10 0.001341 0.002900 0.068592 0.055143 0.001448
103 0.001459 0.003018 0.047555 0.049612 0.001994
1012 0.001480 0.003037 0.003029 0.000629 0.002036
Ap = [O=(IxI00% 10-3 0.000000 0.000000 0.072524 0.055623 0.000000
10 0.000000 0.000000 0.070862 0.055312 0.000000
103 0.000000 0.000000 0.050482 0.050165 0.000000
1012 0.000000 0.000000 0.000000 0.000000 0.000000
where
3AHM 1)~ ~Q2)
(B3AHM _ rAd1 —1.5=1273 rA%\ZHM _ Cia12Ci212C 1212
2125) T ~(s) T T v@c® D nc ~2) Hch ~2)
G VA1 Cigny + VO C1,Co0, + VG Ciog,
2 2 2
1) 3AHM ) 3AHM ) 3AHM
(B3 (V) hBYEE . (V) b By N (v@) LB
2212 2 2 2
1)y, (1)) 3AHM (N, (2)]. R3AHM
+(v v 4 yMDy )lerm(])—f—v v, B3
The effective coefficients are calculated using the formula: C,.*jk, = (Gji + Cijrs BNEIQHM/ByS), with perfect conditions

(Kn =K =o0) at the interface. The effective moduli are as follows,

N _ N _

C3AHM _ 29r< 1 > ! C3AHM _ s3AHM _ Zer< 1 > ]<C1122>
= =) -G =03 = =)
~ \Cimn v, \Cin Iy,
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N 1 2 2
. . 1 Cu (Ci22)
i~ = 3o (i + ) (2], - () ),
= 111 ly, \Cun ly, [y
N 1 2 2
1 Ci Ci
c;;gm:zer<<cmz)yy+<c> <7c > _ (ci) ,
= 11t ly, \Cun ly, [y
N 1\ 1
3AHM 3AHM 3AHM 3AHM 3AHM
G =G =29r(qm >Y - Ga3 =§[C§222 - G5, (43)
r=1 r
where
-1 M~ ~2)
< 1 > _ GG Gin
- 1)~ 1) ~2) 0N ~2)°
G Iy, VG Gy +VOCH Gy + VO G Gy

2~ ~2) N ~2) ~O) 1) D) ~2) ~1)
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Cin Iy, '
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GG Gin
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Table 3
Behavior of the effective coefficients for 2-interface-partition case.

Kl =K! =103 and K? = K? = 1012

Models 01 G C, G (&N Cs

(d) FEM 0.0 211137193 75.493084 79190981 246.495981 63.012861
0.2 168.909955 60.394539 73.784860 241.073021 50.410489
0.4 126.682716 45295994 68.378739 235.650062 37.808117
0.6 84.455477 30.197448 62.972618 230.227103 25.205744
0.8 42.228239 15.098903 57.566497 224.804144 12.603372
1.0 0.001000 0.000358 52160375 219.381185 0.001000

(e) 3AHM 0.0 211134069 75490791 79.188582 246.494431 63.011578
0.2 168.907455 60.392704 73.782710 241.071718 50.409463
0.4 126.680842 45.294618 68.376837 235.649006 37.807347
0.6 84.454228 30.196531 62.970965 230.226294 25.205231
0.8 42.227614 15.098444 57.565092 224.803581 12.603116
1.0 0.001000 0.000358 52159220 219.380869 0.001000

(f) 2AHM 0.0 211.134069 75.490791 79.188582 246.494431 63.011578
0.2 168.907455 60.392704 73.790275 241.096124 50.409463
0.4 126.680842 45.294618 68.391969 235.697817 37.807347
0.6 84.454228 30.196531 62.993662 230.299510 25.205231
0.8 42.227614 15.098444 57.595355 224.901203 12.603116
1.0 0.001000 0.000358 52197048 219.502896 0.001000

Difference 01 ACy, ACy, ACy, AC, ACs

Agp = (OO0 0.0 0.001480 0.003037 0.003029 0.000629 0.002036
0.2 0.001480 0.003038 0.007339 0.009583 0.002035
0.4 0.001479 0.003038 0.019348 0.020265 0.002037
0.6 0.001479 0.003037 0.033418 0.031450 0.002035
0.8 0.001480 0.003040 0.050130 0.043175 0.002031
1.0 0.000000 0.000000 0.070308 0.055479 0.000000

Agp = LO=DIxI00% 0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.2 0.000000 0.000000 0.010253 0.010124 0.000000
0.4 0.000000 0.000000 0.022130 0.020713 0.000000
0.6 0.000000 0.000000 0.036044 0.031802 0.000000
0.8 0.000000 0.000000 0.052572 0.043425 0.000000
1.0 0.000000 0.000000 0.072524 0.055623 0.000000

2 O (@ )\ L uheD @ (D )2 D @ (D) )
<(C1122)2> :V( )Cnnfcnﬂ(cnzz) +V()Cl11lcllll(r 1122) +vy 1111C1111(C1122)
Y,

Cim Chutr G Gy ’
<L>71 _ ChatorCinaCizta
Cion ly, V(Z)Clgizrcl(?u + V(l)cgzzcl(;;z + V(nrcl(?lzq(;)z ’
(Cijkl)Yr = V“)C&B +v® ’Ci(jllzl + VQ)CI‘(J?I'

3.3. Interface models

Analytical expressions for the elastic interlayer representing the interlayer properties can be written based on the
constituent properties and geometry. Thus, the two-phase model with imperfect interface conditions (spring type) is
modeled as a three-phase material with perfect conditions. The coefficients C;,,, and C;,,, depend on the coefficients Cj;;;
and Cj,,,, so only Cj;;;, Ci},, and Cj,,, are involved in the derivation of the properties of the interface. Hence, by equaling
the effective coefficients Cj;;;, Cj;5,, and Cj,,, from Eqs. (36) and (43), the interface modulus for the r-interface-partition
can be written as:

Ded 1) ~(2)
= VOO K Gy Criny
(1) (2) 1) ~2)
[(1 =y —vO)Ci)y + (v = v DKy + VOO, Gy

2)~(1) ~) D) ~2) 1 N ~2) 1) ~(2) 2) ~(1) 1
(V( "CrnrCing +VPCy iy + V¢ )"Cllllcllll)[(l = Y)CinCiae + Vcnncnzz]t( )+Kn

22 T 1) () ) @) M ~2)
vOCH G {[(1 =¥y + Vclm] 0K + V(I)Cnucun}
2) () ~2) 1) D ~1)
_ V@G G _ v G
V(’)C1(121)1 V(I)C1(111)1
() 1) ~2)
vt K:Cy.1,C

rC“) rM-12121212 (44)

1212 = 1) ) 1) ~@2) ’
[(1 — Y =V@)Cgp, + (v - V(U)sz] K + VOG5, Ciop
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Table 4
Behavior of the effective coefficients for 3-interface-partition case.

K! =K! =10, K2 = K? = 103 and K2 = K? = 10"

Models 0> Ch C, [ Cy3 Ces

(g) FEM 0.0 59.945234 21433697 59.833425 227.075287 22.226074
0.2 47.956387 17147029 58.298815 225.536467 17781059
0.4 35.967540 12.860361 56.764205 223.997646 13.336045
0.6 23.978694 8.573693 55.229595 222.458826 8.891030
0.8 11.989847 4287025 53.694985 220.920005 4.446015
10 0.001000 0.000358 52.160375 219.381185 0.001000

(h) 3AHM 0.0 59.944357 21433049 59.831917 227.074621 22.225660
0.2 47.955685 17146511 58.297378 225.535871 17780728
0.4 35.967014 12.859973 56.762838 223.997120 13.335796
0.6 23.978343 8.573434 55.228299 222.458370 8.890864
0.8 11.989671 4.286896 53.693759 220.919620 4.445932
10 0.001000 0.000358 52.159220 219.380869 0.001000

(i) 2AHM 0.0 59.944357 21433049 59.860287 227166135 22.225660
0.2 47.955685 17.146511 58.327639 225.633487 17780728
0.4 35.967014 12.859973 56.794991 224100839 13.335796
0.6 23.978343 8.573434 55.262343 222.568192 8.890864
0.8 11.989671 4.286896 53.729696 221.035544 4.445932
10 0.001000 0.000358 52.197048 219.502896 0.001000

Difference 0, ACy, ACy, AG, AG, ACE

Agi = w 0.0 0.001463 0.003023 0.044895 0.040008 0.001863
0.2 0.001464 0.003021 0.049442 0.043017 0.001862
0.4 0.001462 0.003017 0.054235 0.046069 0.001867
0.6 0.001464 0.003021 0.059294 0.049162 0.001867
0.8 0.001468 0.003009 0.064645 0.052299 0.001867
10 0.000000 0.000000 0.070308 0.055479 0.000000

Ay = W 0.0 0.000000 0.000000 0.047416 0.040301 0.000000
0.2 0.000000 0.000000 0.051908 0.043282 0.000000
04 0.000000 0.000000 0.056644 0.046304 0.000000
0.6 0.000000 0.000000 0.061642 0.049367 0.000000
0.8 0.000000 0.000000 0.066930 0.052473 0.000000
10 0.000000 0.000000 0.072524 0.055623 0.000000

where tD is the interlayer thickness. In fact, Eqs. (44) comprise the interlayer properties, which are equivalent to the effect
of non-uniform imperfect adhesion.

3.4. FEM: three-layer elastic composite

Based on the RVE concept combined with FEM, and considering interface effects, it can be calculated the effective
properties of the elastic composites with interface effects. The interface properties of the FEM three-layer model are
calculated using the interface model defined in Eq. (44).

The RVE is an important concept in studies of the mechanical responses of heterogeneous materials, where it constitutes
the smallest material volume element of the composite, thereby providing a highly accurate model for representing the
material’s response. The effective stresses and strains of the macroscopically homogeneous medium are derived by averaging
the stresses and strains tensor over the RVE:

N N g N N g
- n _ A
Gij =) brlof), =D AR dy.&; =) Orfef), = AR dy, (45)
r=1 r=1 riJv r=1 r=1 riJv
where |Y;| is the unit cell volume of the unit cell portion Y;.
By discretizing Eq. (45), the average values can be calculated as:

nel nel

N N

- 0 - 0,

Gy =D 1y 2oy N Eu= D Do Y (46)
r=1 r m=1 r=1 r m=1

where nel is the number of finite elements, Y,<m) is the volume of the mth finite element, and roé.m) and ,ei(jm) are the
respective stress and strain tensors evaluated in the mth finite element.

Under a uniform loading, the stress and strain state is uniform in a homogeneous material, but this is not the case in
a layered composite. However, all of the RVEs are identical so they exhibit identical stress and strain fields. Thus, each RVE
in the layered composite has the same deformation mode, and there is no separation or overlap between the neighboring
RVEs. These periodic boundary conditions are used to determine the appropriate displacement constraints at the boundary
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Fig. 3. Evolution of elastic property C;; as a function of the volume fraction of layer 2: (a) uniform imperfect interface (N = 1), (b) two-interface partition
(N =2,0,=1-01), and (c) three-interface partition (N = 3, 8;=0.75 @ (1-0,), 03=0.25 @ (1-0,)).
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Fig. 4. Evolution of elastic property Cj, as a function of the volume fraction of layer 2: (a) uniform imperfect interface (N = 1), (b) two-interface partition
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Fig. 5. Evolution of elastic property C;, as a function of the volume fraction of layer 2: (a) uniform imperfect interface (N = 1), (b) two-interface partition
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of the RVE by FEM using ABAQUS™ combined with the PYTHON language. In addition, the three phases of the FEM-RVE
model are modeled by solid elements with a linear interpolation shape function.

4. Results

In order to show the effects of non-uniform imperfect adhesion on the effective properties, some analytical and nu-
merical investigations were performed. Thus, a mesh sensitivity study was conducted by considering three mesh densities
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Fig. 11. Uniform imperfect interface local function Ny, for different values of the interface parameter K; and interlayer thickness t)=10-3 where the
volume fraction of layer 2 is 0.5: (a) AHM three-phase perfect, and (b) AHM two-phase spring.

for the unit cell, which was solved by FEM. The results demonstrated that a mesh density with 4000 finite elements was
sufficient to obtain consistent numerical results. Therefore, the results obtained using this meshed RVE were compared with
the analytical solutions.

The material properties reported in previous studies are shown in Table 1 [67,68]. In the analyses, the interface volume
fraction (v()) and length (I;) of the unit cell in the y; direction were assumed to be equal to 103 and 1 mm, respectively.
Thus, as shown in Table 2, the effective coefficients for uniform imperfection were calculated for different values of the
interface parameters K, and K; with K, v(2) =0.5. The calculated relative differences between the three-layer and two-layer
models are shown, where the three-layer model achieved excellent convergence. The effective coefficients with the highest
differences were C;5 and C5; when K, was equal to 10~3 GPa/mm, which were smaller than 0.073% and 0.056%, respectively.
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These differences can be explained by the fact that interface stiffness K, is present in all terms of the effective coefficients
C;4 and C}4 (see Eq. (43)). However, for the two-layer model, only the second term depends on the interface stiffness Kj
(see Eq. (36)).

First, the two-interface partition was studied for different values of the parameter 0; (degree imperfection) with
v(2)=0.5 (Table 3), where we simulated the separation of the interface starting from an extreme. In this case, the differ-
ences in the coefficients Cj;, C},, and C; remained approximately equal to the percentage difference in the perfect bonding
case as the degree of imperfection 6, increased. The percentage differences for the coefficients C},, and Cj; increased as
the degree of imperfection increased.

As shown in Table 4, the coefficients were calculated for different degrees of imperfection 6, for the three-interface parti-
tion by simulating the separation of the interface starting from the inside. The differences in the coefficients C};, C},, and C&;
were similar to the results for the two-interface partition case. However, the differences in the coefficients G5, and C3; were
significantly higher than those for the two-interface partition case for degree of imperfection values of 6, =0, 0.2 and 0.4.

Figs. 3-7 show the effective coefficients as a function of v(2) for different imperfect interface cases, which were obtained
by simulating a delamination process. In each plot, the three-layer results are compared to the two-layer imperfect interface
results, where it is clear that the plots are numerically indistinguishable. The effective coefficients Cj;, Cj,, and Cf; with Ky
equal to 10'2 GPa/mm for #; =0 and 6, =0 increased with v(2), where they remained close to zero for 8; = 1 and 6, = 1.
However, the values of G5, and (3, differed.

The uniform imperfect interface local function N3AHM for different values of the interlayer thickness ¢ is shown in
Fig. 8. Clearly, as the interlayer thickness increased, the behavior of the third branch differed in the plots where it changed
from discontinuous to continuous. The same conclusion applied to the other non-zero local functions. This change can be
attributed to the increase in the thickness of the interlayer.

The changes in the three-layer and two-layer uniform imperfect interface local functions with an interlayer thickness
of D =103 and different values for the interface parameters K, and K; are shown in Figs. 9-11, which indicate that with
complete separation of the layers, the local functions decreased as the length [; increased. Different behaviors were found in
terms of the monotonicity of the local functions for perfect bonding, where they increased first and then decreased. In addi-

tion, the values of the local functions for imperfect bonding were larger than those of the local functions for perfect bonding.

5. Conclusions

In this study, we employed two approaches to model non-uniform imperfect adhesion in layered composites, i.e., at
the macro-scale level. Using the results obtained by the two-layer model with non-uniform imperfect interface conditions
(spring type) and the three-layer material with perfect conditions, an interface model was derived to calculate the interlayer
properties in the case of three-layer composites. It was shown that the results obtained by the three-layer model provided
an excellent approximation to the results using the two-layer spring problem.

In general, based on the effective coefficients for different imperfect adhesion cases investigated by AHM, it is possible
to conclude that the effective properties increased as v(2) increased for ;=0 and 8, =0. For 6; =1 and 0, =1, the effective
coefficients remained close to zero as v(?) increased. However, the coefficients G5 and C3; always increased as v2) increased.
In addition, the FEM-RVE results confirmed these remarks. The results obtained using uniform imperfect adhesion local
functions for complete separation were higher than those for perfect bonding. For two- and three-interface partitions, the
imperfection increased as the degree of imperfection values 6, and 6, increased when we simulated a delamination or
debonding process. Therefore, the proposed approaches can be used to study the separation along the interfaces of the
layers, i.e., delamination or debonding.

The interlayer had no volume in the two-layer imperfect model. However, the interlayer had a volume in the three-layer
model, where it produced changes in the overall thickness of the laminate. This difference may be relevant mainly for
problems that involve bending or twisting. For example, Takahashi [27] estimated the strength of ceramic-metal joints
with different interlayer thicknesses and showed that the bending strength changed. Therefore, in future research, it will
be investigated the influence of the interlayer thickness in problems that involve bending or twisting.

Finally, the analytical and computational models proposed in the present study may facilitate the design of layered com-
posites by predicting their effective properties considering non-uniform imperfect adhesion between layers (e.g., debonding).
This is very important for the development of different types of structures used in fighter aircraft, such as layered composite
shields, which must have high ballistic resistance. In addition, the proposed approaches can be extended to other composite
structures used in the automotive, aeronautical, and other industries, mainly to support design for certification processes.
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